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The biased n-in-a-row game was shown to be a win for the first player for any n by J. Beck.
To limit the advantage of picking more than one point per move he suggested a weak form
of the game where the first player’s p points for each move must be contained in a circle of
radius r . For p = 2, we give a tight bound for the maximum length of the line where the
first player can force a win, answering an open problem posed by Csorba.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
In the strong n-in-a-row game, two players take turns picking points on a Z × Z ⊂ R2 board, and the first player to
achieve n points in a line horizontally, vertically or diagonally wins. The game is a draw if both players prevent the other
from achieving this indefinitely.
By the strategy stealing argument, optimal play cannot result in a win for the second player. If there was a winning
strategy for the second player, the first player may place his first point arbitrarily, then apply that strategy pretending to be
the second player. This produces a winning strategy for the first player, which is a contradiction.
The weak n-in-a-row game is the same game except that even if the second player achieves his line of n points it is not
considered a win for him. This is more convenient for construction of proofs, and so there are more results about the weak
game than the strong game.
The case where the first player may place more than one point was considered, but the advantage was too powerful as J.
Beck demonstrated this to be awin for the first player for any n [2]. Tomake the gamemore interesting, Beck then suggested
limiting the advantage by requiring the points be contained in a circle of radius r .
Definition 1.1 ((n, p, r) Strong/Weak Distance-Restricted Game). This refers to the strong andweak games as defined above,
where n is the number of points in a line required towin. The first player picks p points permovewhich have to be contained
in a circle of radius r , while the second player picks 1 point per move.We denote the largest value of nwhere the first player
can win in the weak game asw(r, p) and use s(r, p) for the similar value in the strong game.
While Csorba has proved some bounds regarding this distance-restricted game, the behavior of s(r, p) when p is small
remains an open problem. The main result of this paper will show that s(r, 2) ∈ Θ(log(r)), answering an open question
about the strong game.
We also describe a version of the game that occurs on a finite board that will be useful in the proof of the main result.
Definition 1.2 (Connect(m, n, k, p, q)). In the game Connect(m, n, k, p, q), two players place p stones on an m × n board
alternatively, except the first player places q stones in the first step. The one who first gets his stones k-consecutive in a line
wins. Connect(∞,∞, k, p, q) is denoted as Connect(k, p, q).
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Fig. 1. An illustration of the building strategy. As the first player extends all his lines (gray squares), the second cannot block more than half of them (black
squares). Withm unblocked lines, he can build a line of length log(m).
2. Previous work
Theorem 3 of [4] gives us cases where neither player can force a win in the Connect(m, n, k, p, q) game.
Theorem 2.1 ([4]). Neither player has a winning strategy in Connect(m, n, k, p, q) for any m, n with max(m, n) ≥ k when
q ≤ p and k ≥ 4p+ 7.
Csorba has achieved an upper bound on w(r, p) [1] using the Biased Erdős–Selfridge Theorem [2]. This bound is also
found in [3].
Theorem 2.2 ([1,3]). w(r, p) = O(p · log(r)).
In any situation which is a win for the first player in the strong game, it is also one in the weak game, therefore
w(r, p) ≥ s(r, p).
3. Main result
The main result is that s(r, 2) ∈ Ω(log(r)). Together with Theorem 2.2 and the observation that w(r, p) ≥ s(r, p) we
obtain tight bounds on both s(r, 2) = w(r, 2) = Θ(log(r)).
Theorem 3.1. We have the following lower bound using an alternating building and blocking strategy:
s(r, 2) = Ω
(
log
(
r
log(r)
))
= Ω(log(r)).
Proof. First we outline the blocking strategy to ensure that Player 2 cannot win. Tile the space with log(r)× log(r) squares,
a circle of radius r must contain at least q2 such squares, where q = b rlog(r)c, since it contains an r × r square.
We consider each square as a Connect(log(r), log(r), 15, 2, 2) game, applying Theorem 2.1, if both players take turns to
occupy two squares, Player 2 cannot form a line of length 15 = 4×2+7 or greater. Player 1 applies this strategy by playing
into a square every two times Player 2 does. This means the second player cannot form a horizontal/vertical line longer than
14× 2 = 28 or a diagonal line longer than 14× 3 = 42.
Now we can use a simple lower bound construction similar to those in [1]. The first player can pick a horizontal line in
each square he aims to occupy (a column of squares will suffice). A square (or line) is blocked if Player 2 picks a point in
it. Initially no squares are blocked. Since Player 1 picks 2 points per move, he can extend all designated lines in unblocked
squares by 1 point with no more than half of them becoming blocked. This procedure can be repeated until all squares are
blocked, producing a line of lengthΩ(log(q)) (Fig. 1).
Note that to force Player 1 to use the blocking strategy Player 2 must pick a point that is already in a blocked square,
when the first player is forced to answer, the second player has not blocked any new squares. The first player responds only
every two moves inside a square by the second player and so cannot be indefinitely prevented from building his line by
being forced to respond.
Since there is a finite bound on the length of the line that the second player can build, the first player has a winning
strategy for some
n ∈ Ω
(
log
(
r
log(r)
))
= Ω(log(r)− log(log(r))) = Ω(log(r)). 
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